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For the high-order harmonic generation in solids, we find a distinct and clean interference pattern
in the high-energy end of the spectrum which can be interpreted as a Michelson interferometer of the
Bloch electron. Our results are achieved by a numerical solution to the time-dependent Schro¨dinger
equation of the quasi-electron in solids and can be explained by an analytical model based on the
principle of the Michelson interferometry. The present study deepens our understanding of the HHG
mechanism in crystalline materials and may find potential applications in imaging of the dispersion
relation or topological structure of the energy bands in solids.
Waveform-controllable short laser pulses have become
available in a large range of wavelengths from the x-ray
to the THz regime [1–5]. These new light sources have
provided us with the feasibilities to trace or even control
many ultrafast dynamics happening in the gas, solid, and
liquid phase with a simultaneous high temporal and spa-
tial resolution [6–10]. Very recently, currents induced by
a waveform-controllable few-cycle laser pulse has been
observed in the monolayer graphene [11], which has been
interpreted as repeated Landau-Zener transitions.
As a typical ultrafast nonlinear phenomena, the high-
order harmonic generation (HHG) has attracted inten-
sive investigations and found many applications in the
past three decades [12, 13]. In very recent years, great
experimental and theoretical attention has been paid to
the HHG processes in solids [14–22]. Various light-field-
driven effects have been explored in both semiconduc-
tors [10] and narrow band-gap systems [11]. Some stud-
ies have shown the possibilities of potential applications
of nonlinear ultrafast phenomena to the material sciences
and devices [23–27].
The Michelson interferometer has served as a milestone
in physics [28] and has shown its great power in many
fields of basic research and practical applications. It can
be realized by a photon, an electron or other microscopic
particles under many circumstances. The Michelson in-
terferometer has enabled multiple breakthroughs in many
fields [29–31]. The Landau-Zener transition happens be-
tween two energy levels when the system is swept accross
an avoided crossing [32]. It plays vital roles in various
quantum systems and has found many important appli-
cations [33–36]. During the Landau-Zener tunneling, the
phase accumulated between the transitions may result
in a constructive or destructive interference [37]. These
kinds of interferometry have been applied to various sys-
tems [38–42]. Some interferometric methods have been
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used to measure Berry phases and topological properties
of materials [43, 44].
In this Letter, by varying the peak intensity of the laser
pulse, we identify an unusual overall oscillation in the
high-energy end of the harmonic spectra in solids. Our
results are based on the numerical solution to the time-
dependent Schro¨dinger equation (TDSE) of the quasi-
electron. We find that this oscillation can be regarded
as a result of the Michelson interferometry of the Bloch
electron when it is driven by the vector potential to the
region where the Landau-Zener transition can occur be-
tween two bands. The interference fringes can be nicely
reproduced by using an analytical model based on the
principle of the Michelson interferometer. Atomic units
are adopted unless otherwise stated.
Within the quasi-electron description of the solid with
a single-particle wavefunction Ψ(r, t), the interacting sys-
tem of the solid with a laser pulse is governed by the
following TDSE
i
∂Ψ(r, t)
∂t
= (Hfree +Hint)Ψ(r, t), (1)
where Hfree is the field-free Hamiltonian of the quasi-
electron with mass m, and Hint is the interaction Hamil-
tonian between the electron and the laser field in the
velocity gauge within the usual dipole approximation.
Taken m = me, they are respectively given by
Hfree =
1
2
p2 + V (r), (2)
and
Hint = p ·A(t), (3)
in which V (r) is the effective potential satisfying the pe-
riodic condition and A(t) is the vector potential of the
laser pulse. Since the total Hamiltonian is periodic in
space, according to the Bloch theorem, the wavefunction
Ψ(r, t) can be expanded as
Ψ(r, t) = eiq·ru(r, t), (4)
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FIG. 1. The realization of the Michelson interferometer of Bloch electron in the HHG spectra. For the model with the first
four bands shown in (a), the harmonic spectra are shown in (c) plotted in the logarithmic scale as a function of A0 of the
pulse, as shown in (b). The Michelson interferometry is present at the top-right corner of (c), enclosed by the white dotted
lines. The Bloch electron Michelson interferometer is in the same principle with the usual optical one, as sketched in (e). The
interferences minimum and maximum can be verified by checking the populations of C1 (solid red line) and C2 (dashed blue
line) as a function of time, as respectively shown in (d1) for A01 = 1.14pi/a and (d2) for A02 = 1.18pi/a in the logarithm scale.
The interference patterns can be successfully be explained by the analytical model of Eq. (12), as shown in (f).
where the crystal momentum q belongs to the first Bril-
louin zone and u(r, t) is a periodic function which satisfies
i
∂u(r, t)
∂t
=
{
[p+ q+A(t)]2
2
+ V (r)
}
u(r, t), (5)
except for an unimportant overall phase factor. One no-
tices that, for a slowly-varying vector potential A(t), the
total Hamiltonian adiabatically changes as the field-free
Hamiltonian with a time-dependent parameter q(t) =
q0 + A(t). According to the quantum adiabatic the-
orem [45], the population in each eigenstate is essen-
tially unchanged if the relevant parameter varies slowly
enough. In other words, if the system is initially in the
state |Ψ(t0)〉 = |n(q(t0))〉, satisfying the eigenvalue equa-
tion
Hfree(q) |n(q)〉 = εn(q) |n(q)〉 , (6)
then we have, to the lowest order approximation, that
|Ψ(t)〉 ≈ exp
[
−i
∫ t
t0
dτεn(q(τ))
]
|n(q(t))〉 , (7)
which differs from |n(q(t))〉 only with a phase accumu-
lation. This approximation cannot be made if the en-
ergy difference of two eigenstates is not much larger than
the change speed of q(t) (approximate to the central fre-
quency of the laser pulse in our case), in which case the
Landau-Zener tunneling mostly occurs.
For the demonstration of the proposed Michelson inter-
ferometer of the Bloch electron in solids, it is sufficient to
adopt the simplest one-dimensional model, of which the
periodic potential is taken to be [46]
V (x) = V0
(
1 + cos
2pix
a
)
, (8)
where V0 = −0.37 a.u. and the lattice constant a = 8
a.u. The first four eigenvalues are shown in Fig. 1(a)
as a function of parameter q, i.e, one has two valence
bands (V1, V2) and two conductance bands (C1, C2).
The vector potential of the pulse in Eq. (3) is given by
A(t) = A0f(t) cos (ωt+ ϕ) , (9)
3where A0, f(t), ω, and ϕ is respectively the peak vec-
tor potential, envelope function, the central angular fre-
quency, and the carrier envelope phase of the pulse.
Please note that the Michelson interference can be ob-
served in the HHG spectra induced by laser pulses with
various shapes, as will be shown later. The TDSE (1)
is ab initio solved using the same numerical schemes as
those detailed in our recent work [47]. For all the results
presented below, we set the initial state to be at q = 0
point of the band V2 [as marked in Fig. 1(a)], where
the transition probability to the band C1 is the largest.
Convergence of our results has been ensured against any
change of relevant parameters in the numerical solution.
In order to clearly show interference fringes of our
Michelson interferometer, we will first use a single-cycle
laser pulse with a cos2 envelope f(t) = cos2(ωt/2N),
N = 1, ϕ = 0, and ω = 0.014 a.u. (λ = 3200 nm), whose
vector potential is plotted in Fig. 1(b). We calculate the
harmonic radiation spectrum of the electron as a function
of A0 in a wide range of [0, 2pi/a], as shown in Fig. 1(c).
In this spectra, there are a few distinct features to be
noted. Apparently, at all values of A0, the most probable
photon emission is below the photon energy of 0.1 a.u.,
which is induced by the intraband motion of the electron
on V2 [46]. Because of the excitation to C1, there exists
the harmonic emission due to the interband transitions
from C1 to V2, whose cutoff energy grows linearly with
the increase of A0. When A0 < pi/2a, one can also no-
tice a weak horizontal line of emission (around the energy
of 0.45 a.u.), which results from the transition from V2
to V1, similar to the atomic line transitions recently ob-
served in the gas phase [48, 49]. Before A0 reaches the
value of pi/a, diagonal interference patterns are already
present and extend all the way to the largest A0 of 2pi/a,
which come from the two-path contributions for the same
photon energy on the rising and falling part of the vec-
tor potential respectively [cf., Fig. 1(b)]. The last and
mostly important feature in Fig. 1(c) is the distinct verti-
cal stripes in the top-right corner when A0 > pi/a, which
is enclosed by white dotted lines. These interference pat-
terns originate from the Michelson interferometry of the
Bloch electron, which will be the focus of our discussions
in the rest of this Letter .
First of all, one observes that the interference struc-
tures in this region only rely on the value of A0, indepen-
dent from the photoemission energy. To interpret this
phenomenon, we first calculate populations of C1 and
C2 as a function of time in Fig. 1(d1) for A01 = 1.14pi/a
and in Fig. 1(d2) for A02 = 1.18pi/a, respectively corre-
sponding to an interference minimal and maximum. As
can be seen, for the former case, as the vector potential
first reaches pi/a, a considerable population is transferred
from C1 to C2, and it will jump back when the vector
potential decreases down to pi/a again, which means that
a Landau-Zener tunneling happens at the avoided cross-
ing point ‘A’ [marked in Fig. 1(a)]. However, for the
latter case, as shown in Fig. 1(d2), only a small amount
of population in C2 can transfer back to C1. Thus ver-
tical interference patterns in the radiation spectrum are
contributed by the oscillation of population remaining in
C2. When the vector potential becomes zero, the sharp
decrease of population in C2 means a population transfer
to a higher band C3 [not shown in Fig. 1(a)].
Let us first qualitatively analyze this interference pro-
cess. The electron starts from the initial state in V2,
is then excited to C1, and with the increase of the vec-
tor potential it can move towards the avoided crossing
point ‘A’. It is then split into two parts, one part keeps
to move along C1 and the other moves along C2, which
corresponds to a population partition between the two
bands. Due to the energy difference between the two
bands, there will be a difference of phase accumulation
when they meet again, which will modulate the popula-
tion remaining in C2. In the end, it will affect the inten-
sity of harmonic radiation that can be measured. The
above scenario is exactly equivalent to the usual optical
Michelson interferometer, as depicted in Fig. 1(e).
Within the above picture of our Michelson interfer-
ometer in mind, it is possible to come out with an
analytical calculation of the interference patterns. For
simplicity, we assume that the Landau-Zener tunneling
only happens at q = pi/a [cf. Fig. 1(a) and (b)]. Af-
ter the tunneling at the point ‘A’, the system changes
from the state |C1〉 to α1 |C1〉 + β1 |C2〉. After the
vector potential reaches its maximum, the electron can
move back to the tunneling point and the system
is then in a state of α1 exp[−i
∫ tf
ti
ε3(A(t))dt] |C1〉 +
β1 exp[−i
∫ tf
ti
ε4(A(t))dt] |C2〉, where ti and tf are the
two roots of the equation A(t) = pi/a for the single-cycle
pulse. After the second Landau-Zener tunneling, the am-
plitude W in C2 is
W = α1β2 exp
[
−i
∫ tf
ti
ε3(A(t))dt
]
+ α2β1 exp
[
−i
∫ tf
ti
ε4(A(t))dt
]
. (10)
Note that the ‘transmittancy’ β1 and β2 is the Landau-
Zener tunneling rate induced by the electric field, one
thus has β1 = −β2 since the electric fields in the two
Landau-Zener tunneling processes differ just with a sign.
The ‘reflectivity’ |α1| is equal to |α2| according to the
unitarity, and the relative phase argα1/α2 can be deter-
mined by considering the tunneling process precisely [37]
arg
α1
α2
=
pi
2
+ 2δ(ln δ − 1) + 2 argΓ(1− iδ), (11)
in which δ = ∆2a/24pi|E|, where ∆ is the band gap be-
tween the two bands and E is the electric field strength
at the tunneling point. Combining these facts, one can
infer that the resultant yield of harmonic signal Y in the
enclosed region of Fig. 1(c) satisfies
Y ∝ |W |2 ∝ 1 + cos∆ϕ, (12)
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FIG. 2. Harmonics spectra plotted in the logarithmic scale as
a function of peak vector potential A0 for a longer pulse of an
8-cycle at the wavelength of 3200 nm for: (a) a cosine square,
and (b) a trapezoidal envelope.
with
∆ϕ = pi + arg
α1
α2
+
∫ tf
ti
[ε4(A(t)) − ε3(A(t))] dt.(13)
In Fig. 1(f), we compare the analytical result of Eq. (12)
with that of the integrated signal calculated by TDSE.
One finds that the oscillation behaviour of the two curves
agree with each other very well, except for the large A0
region close to 2pi/a, where the transition to a higher
band C3 is not taken into consideration in the model.
Obviously, the maximum contrast ratio is observed in-
dependent of other conditions, as in the usual Michelson
interferometer in optics.
Finally, we emphasize that the Michelson interferom-
etry in the HHG does not only exist in the single-cycle
pulse. We calculate the HHG spectra under the same
other laser parameters by increasing the cos2 pulse to
N = 8, as shown in Fig. 2(a). Vertical patterns are still
clear, although much more complicated due to different
maximum vector potentials in each half cycle. In addi-
tion, the vertical stripes are extended down to low-order
harmonics, which is due to the fact that population dis-
tributions in a certain half-cycle have already been af-
fected by interferences induced by previous half-cycles.
It should be noted that this phenomena showed up in
some figures of previous theoretical studies [46, 47, 50],
but without any discussions about it. As mentioned be-
fore, the Michelson interferometry should also be present
for other forms of the pulse envelope. In Fig. 2(b), we
choose an 8-cycle laser pulse with a trapezoid envelope to
guarantee the same maximum vector potentials in each
half cycle. Sharper vertical stripes are observed, whose
intervals are similar to Fig. 1(c), which come from the
product of multiple interferences. However, it should
be noted that even in this simple case, the distribution
of stripes is not exactly same with that of the single-
cycle case, since other types of interference channels also
contribute [37]. For A0 < pi/a , sharp parallel curves
are also observed, which may be contributed by the ef-
fects of the dressed (Floquet) states for the multiple-cycle
pulse [51]. In this region, resonance-like vertical lines
are also present, which are formed at the crossing points
of the dressed-state curves and the low-order harmonics.
One should not mix these structures with those formed
by the Michelson interferometer discussed above.
In conclusions, we have demonstrated an interesting
oscillation structure in the high-order harmonics gen-
erated in solids, which is successfully explained by the
Michelson interferometer of the Bloch electron. The
present study deepens our understanding of the mech-
anism of HHG in solids and is potentially useful for the
production of coherent light sources in the VUV and
XUV region. We believe that our finding can be exper-
imentally observed with the current technologies. One
may concern about the material damage by the applied
laser since the peak vector potential needs to be in the
order of pi/a. However, this problem can be avoided by
using a mid-infrared laser with a wavelength up to several
microns. There does exist a dephasing time in the solid
sample, but its effects can be largely deduced by lower-
ing the temperature. In addition, an efficient excitation
from the valence band to the conductance band can be
achieved by a coherent UV sources, which will enhance
the harmonic yield. Finally, we expect that for a two-
dimensional case, by adding another orthogonal pulse af-
ter the splitting of the Bloch electron wavepacket, the
Berry phase along a closed orbit in the reciprocal space
may be measured. Our proposal may find potential ap-
plications in imaging the properties of the energy bands
in solids.
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